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Abstract: The Legendre polynomial series approach (LPSA) has the advantages of simple derivation process, high solving
efficiency, and small computational scale, making it an efficient method for solving wave mechanics. However, when solving
the nonlocal nano hollow cylindrical structure, the nonlocal integral elastic relationship makes it consume extremely much CPU
time for integrals containing the reciprocal of radius, Legendre polynomials, absolute values, and exponential function. To
overcome this drawback, an efficiently iterative solution method by using the exponential integral function are proposed to solve
these difficult to calculate analytically and time-consuming integrals. Then, a mathematical model is established for axial
thermoelastic wave propagation and attenuation in functionally graded piezoelectric nano hollow cylinders based on the
presented LPSA and modified nonlocal integral elasticity. The coupling effects of nonlocal parameter, circumferential order,
piezoelectric effect, and gradient index on wave characteristics are studied. Numerical results show that both the thermal wave
and elastic wave are size-dependent. The nonlocal effect decreases the phase velocity of thermal waves and elastic waves.
Meanwhile, it increases the attenuation of thermal waves, but decreases the attenuation of elastic waves. For the phase velocity,
the nonlocal effect and circumferential order are mutually reinforcing, although the nonlocal effect and piezoelectric effect are
mutually inhibiting.

Keywords: Thermoelastic waves, modified nonlocal integral elasticity, Legendre polynomials, functionally graded
piezoelectric material, attenuation.

endowed with some new characteristics by the scale effect,

1. Introduction such as modal compression [12], existence of escape

Piezoelectric nano hollow cylindrical structures have broad frequency [13], increased dissipation of plane waves [9], et al.
application prospects in MEMS such as acoustic devices [1]. Such phenomena can be used to develop various wave
And the elastic wave characteristics are the theoretical basis devices. For instance, the clamping loss caused by elastic
for the design and optimization of MEMS. However, the scale waves under the scale effect can be considered in designing
effect [2] in nanostructures poses significant difficulties in the microresonators [14]. For th? demand of nanoacoustic
solving the wave propagation in piezoelectric hollow device design, Yan et al. [15] considered the transverse elastic
cylindrical structures. wave in periodic piezoelectric nonlocal nano laminates with

As an important theory for studying the scale effect, defects. Li et al. [1§] analy;ed wave behaviors in porous
nonlocal integral elasticity (NIE) [3] introduces an integral FGPM nonlocal strain gradient nanoplates deposited in a
function that includes reciprocal of radius, exponential term, viscoelastic foundation with thermoelectric loads. Li et al. [17]
and absolute value. This integral function effectively investigated the SH waves in piezoelectric semiconductor
expresses the nonlocal assumption that the stress is not only nanoplates with surface effect. Singh et al. [18] studied the
related to the strain at that point, but also to the strain at other plane wave propagation in an interface between two different
points in the structure. Unfortunately, it also leads to the micropolar piezoelectric half-spaces. All above papers
inability to analytically calculate the integration in existing considered piezoelectric plate structures. For the nano hollow
wave dynamics methods, resulting in excessively long cylinder, Ghayoumizadeh et al. [19] considered the transient
numerical integration time and serious computational dynamic analysis of elastic waves in finite-length functionally
efficiency problems [4]. In order to reduce the difficulty of graded piezoelectric nanocomposites. Wang et al [20]
solving nanostructures, the nonlocal differential elasticity, analyzed the circumferential thermoelastic waves in FGM
which is an approximation of the original nonlocal integral hollow cylinders. He et al. [21] studied wave propagation in
one, is used in many papers [5-8]. However, there is a FGM elastic nano cylindrical shells by using a nonlocal
remarkable difference between the results from nonlocal elastic first-order shear deformation shell model. Daneshman
integral and differential elasticity [9-11]. This leads to et al. [22] considered the wave propagation behavior in the
unreliable results from nonlocal differential elasticity in elastic nano cylindrical shells by applying the third-order
acoustic device design. Therefore, developing an efficient shear deformation shell model. Although many papers have
solution method to study the wave propagation in nonlocal investigated the scale effect, the axial wave propagation in
integral elastic piezoelectric hollow cylindrical structures is piezoelectric nano hollow cylindrical structures with nonlocal
of great significance for wave performance regulation in integral elasticity is not considered, especially on its
acoustic devices. attenuation from thermal effect. It is worth noting that

In the piezoelectric nanostructures, elastic waves are acoustic devices often operate in high-temperature
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environments, and the wave propagation must consider the
thermal effect [23, 24].

To solve the wave propagation in hollow cylindrical
structures, many methods are presented, such as the scaled
boundary finite element method [25], the normal mode
expansion method [26], the generalized differential
quadrature and Newmark approach [27], the meshless method
[19, 28], the boundary element method [29], the global matrix
method [30], and the Legendre polynomial series approach
(LPSA) [31, 32], etc. Among them, the LPSA has the
advantages of simple derivation process, high solving
efficiency, and small computational scale, and has been
updated several times to solve different wave problems.
Lefebvre et al. [33] first used the LPSA to study the wave
characteristics in multilayered and FGM plate structures.
Elmaimouni et al. [34] studied wave propagation in FGM
hollow cylinders by using the LPSA. Yu et al. [35] improved
the LPSA to over the physical field discontinuity problem by
using the classical LPSA. Zheng et al. [36] coupled state
vector and LPSA to solve the wave propagation. Wang et al.
[6] developed the LPSA with a bidirectional iterative
integration technique for the nonlocal integral nano plate

structures. However, when solving wave propagation in nano
hollow cylindrical structures, the LPSA contains integrals
with the reciprocal of radius, Legendre polynomials, absolute
values, and exponential functions. These new integral forms
make numerical solutions more difficult and seriously affect
the computational ability.

In this paper, the MNIE-LPSA is developed to investigate
the thermoelastic guided wave propagation in functionally
graded piezoelectric material (FGPM) nano hollow cylinders
by using the modified nonlocal integral elasticity (MNIE)
[37]. The MNIE improves the inappropriateness of the stress
assumption in classical nonlocal integral elasticity for FGM
nanostructures. To overcome the numerical integration
difficulty in solving nonlocal integral elasticity, the iterative
integral solving technique is proposed by using the
exponential integral functions and Legendre series expansion.
The computational efficiency is greatly improved. The phase
velocity and attenuation of thermoelastic waves in FGPM
nano hollow cylinders are investigated by considering the
coupling effects of nonlocal elasticity and other important
parameters.

PZT-5A
(a) The model of nano hollow cylinder; (b) Material components
Figure 1. Functionally graded nonlocal nano hollow cylinder
2. Mathematical Model and Solving oo, .\ 10, . dc, ©,-0,  0u
Process o r o0 o r or
Fic. o . . 5
ig '1 (a) shows a FGPM nano cylindrical shell. in Cylinder 0 o, | 0 o 0 o, 20, P u,
Coordinate system (1, 0, z). Its inner and outer radius are a and +— + = >
b (b>a>0), respectively. The thickness is h=b-a. And its or r 00 0z r ot
graded distribution is in the r-direction. The wave propagates oo 1 6o oo o%u
at the z-direction. The FGM is composed of CdSe inside and A ) N
PZT-5A outside, as shown in Fig. 1(b). or r o060 0z r ot
Accgrdlng to 'the WIE [37] and the LS theory [38], the aD 1o D, aD D
governing equations are: L +—=24+ =0
or rof oz r
o'T 10°T 10T o'T
K—+K,| 5—+—— |+ Ks—=
or r-060° ror 0z
(la~e)
0 0 o€ oe oe OE
1+ || pC B+ T AT, B, R4 T8, = 4 TP, 2
ot ot ot ot ot ot
Here D; is the component electric displacements,
respectively. ¢ is the electric potential. T and y indicate the O, = Cy‘kl‘c"kl —e jkEk - ,H jT

local and nonlocal temperature variation, respectively;
T= [ X ]nl. P is the material density. t and t0 indicate the

time and relaxation time.
The constitutive relations are
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Where Ciju, ejk, Pj and ejk are the elastic constants,
piezoelectric constants and volume expanding coefficients,
respectively. Ex denote the electric field intensity.

Referring to the MNIE [37], the geometric relations are
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1| ou, 10u, 1|10u, ou, u, 1| Ou, 6u
g@z:_ - Tt gr’@:_ -t grz:_ (3)
2l 0z rob |, 2lro0 or r |, 2] 0z ar ol
0 10 0
g [] g [100] g [
or |, roé |, oz |,
b The isoth 1 bounda dition i
[g]nl ZJ (04 ( )Odv , and A is the nonlocal © Isotiiermat bouncary condiion 1s
parameter [4]. The nonlocal factor is 6_T =0 (6)
or|,_,.
1)L exp| -1 o) o
24 A Assuming y_ =, /C“/p and £k, =Kl/,5Ce , the
The electrical boundary conditions are dimensionle?ss can be implemented by the following
transformation,
D, _,,=0, open-circuit .
¢ _, =0, closed-circuit
. . . . VP .
U=_—”, pz@, X, =—=x, U= ’“_'0 u, t,=-=t,,
Cll p kz kx ITVO z
(_1)2To s e = PC . G, G
n=-ge—, q>=kz_33 o, p=-Ltt, =", ¢=_", (7
pCy; B, 1633 33) €33
~ T A ‘ . : ~ C ~ A
T=—, ﬂlzé, K ==, ==, A==
TE) 1 Kl e h
2.1. Electrical Open-Circuit Condition
The contracting subscript notations are used (11—1, 22—2, I N . .
3353, 2354, 1355, 12—6) to relate to Ciy to Com, where i, Bringing Eqs. (2)-(7) into the governing equation (1),
: ~ - considering the electrical open-circuit and traction-free
1k I=1,2,3;and m, n=1, 2, 3,4, 5, 6. .. . .
boundary conditions, and rewriting ¢ to ® , one has

0 ou, 0 u, du, | oH(r) u, | OH(r) o
o] Jale]t] Jro 5] Bva]] HE-Lata)
0

r
1 0|10u 0| Ou 1 ou u o’u
- +Cs—| == | +=3(C,,=C,)| == | +H(C,=Cy)|—=| - >
“raHL ae} 5582[82 L r{( L 12)[87 L (G ZZ)LL} P or

oH —
+2 C12 I:l%:| +C’12 |:l% (l") +C66li[%_u_g:| + C12 C22 l:l au9:|
or r oo |, rof |, or ro@glor r |, r r 00 |,

0 ou Ou_ | OH(r 0| Ou C,;—C,| Ou OH (r
+— C13‘: z:| +C13 z:| ( )+C55_[ z:| + 13 23 ‘:_z:l _ﬂ][z]nl ( )
or oz |, oz |, or oz| or |, r oz |, or

0 odb ob | OH(r 0| 0D e, —e, | 0D -
4+ — e31l:_:| +€31|:—:| J+els_|:_} +M|:_:| +M[l]nl =0
or oz |, oz |, or oz| or |, r oz |, r
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or 0z | 0z |, Or rl oz |, oz| O ozl r ],
1 0 [ou 10/[éu o[ x] ou
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o’ [x] 1 0°[x], 19[x], o*[ 1] o(, @ o(, o) o
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The electrical open-circuit and traction-free boundary and
conditions are shown as
o I, a<r<b
c,=0,H(r) o) (") 0, else (10
D,=D.H(r)

For the harmonic wave propagation in the z-direction, one
has

{u ug,u_, D, y, } {U(r), Vr), W(r), X(r), Y(r), Z(r)} exp(ikz +iNO —iwt)

Additionally, the material parameters can be expanded as

(11)

the following L-order polynomial series
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b—a b—a b—a
2r—(b+a) : 2r—(b+a) : 2r—(b+a) :
()= V| "/ (=K — "7 (=" —— 1| 1=0, 1, 2, .., L.(12
G B e B R e W O R e w
! !
c (r)=CU) 2r—(b+a) ’ P(r):PU) 2r—(b+a) ’
e e b—a 1 1 b—a

Introducing Egs. (1) and (12) into Eq. (8), it yields

oH oH
_k2C55 [U] + i G [a_U} +i C, {g} +C, [a_U} (’”) +C, {g} (1”)
" or or |,) or vl or |, or rl, or

_ _ oH
R {a_v} um _Nzc“lm copu-2(pz)-pz 20
nl nl rpr nl r

r or r r or
oH -
+z’N3 Clz[z} +C,{K} (r)+iNC661[a—V—K} +iNM{K}
or rl, rl, oOr riLor r], r v,
., 0 , oH (r) ow C,-C
+zk§(q3[W]n[)ﬂkCn[W]nl—r chs{ﬁ}l k nr =[],
.0 . OH (r e, —e B, -B
+1k5(e31[X]nl)+lke31[X]nl—a£ )erl{_}; k=1 p 32 [X]nl+ 2r L7 =0
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iv e F} +iNC66£[g} +z'NC6{g} (Z)+iNlCl{a—U} +iN1C2{g}
or Lr, orl.r |, rl, or r or |, r r.,
oH
+ZNEC66|:£:| _k2C44[V]I+%|:8_V_K:| +C662|:6_V_K:| +C66‘:8_V_K} (Z)
r vl " oor Lor r], orl.or r, or r/, or
26, [ 1] wle Y] o
r or r, r rl,
—kNlCB[W]I—kNCM {K} —kNle32 [X],, —kNe,, [f} —iNﬂzgzo
r " r r " r r
. 0 . oH(z) . .1 o~ loul . |U
2 (o), )ik 0], 2O cie, o), ik, [5} e {7}
—kNC44l[V]l kNC, F}
r nl
0 ow oW’ 0H (z) 1|\ W 1| Ou
~kCL[W] +—| Cs| — | |+Cy| — | —~2-N°C,,~|—| +Cy—| == | +pa™W
33[ ]ﬂl 8}’[ 55|: 8}" :|nl] 55‘: af" :|nl a’" " l"‘: r i|n1 » l"[ ar :|nl p

o [ox ox oH(z) R 1| o0
e [X] L e | | |re ] | TR N, | 2| te o 2| —ikBZ=0
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OP, oz aH( )

., 0 . OH(z) . oU
lka(els[U]n[)ﬂkels[U]nl ().er}l{g} +zke32[ } +zke15 ]nl
P

V], +=2z+R=+p2
"o or or

1
r
OH
] Joaf2] ﬂ%{a_w} e[
or |, or |, or rior |, rir
oH
+k* e, [X] _2 e“{@i} —e“{ai} (Z)—e“l{ai} +N2€221{£} =0
" or or |, or |, or rlor |, rir

iw(l—iw)nﬂ{%—ﬂ +ia)(1—ia’)77ﬁz{%} ‘N“’(l_iw)nﬂ{g

nl nl nl

—ko(1-io)np[W] , +ko(1-io)nP[X] (13a~e)
A N® 1oz . .
~k*K,Z+K,—+K,| ——Z+—— |+io(l-iw) pC,Y =0
or r r or
The Legendre polynomial series are used to solve Eq. (13). P is the Legendre polynomial of m-order. Eq. (14b) can
Assuming the variables are expanded as the following form achieve the isothermal boundary conditions. And

. v wx. =30, ()p ol ol . pl 14 0, (r)= /2;"+1pm(2r;(“+b)) 15)
—a —a

Meanwhile, assuming
o Considering Z = [Y]nl and Eq. (14), it is
Z=H(r)>0,(r)pY (14b)

ﬂ)iQm (v)dv (16)

> d
IS0, -5 L

m=0 m=0
It is noted that the solutions will be truncated at some M. .
Multiplying both ends of the equation by O, (7’ ) (n=0,1, ..., G"" = L 0, (" ) 0, (r ) dr
M), then integration from a to b, one has d o (18)
K" =I 0, r—ja 0, (v)dvdr
Gp® = Kp a7 L2 ()= e )0, (v)
Here n, m are from 0 to M. Clearly, G is the unit matrix. Based

on Eq. (18), the 6 unknowns are reduced to 5 unknowns, and
the original problems can be solved.

Then, substituting Eq. (14) into Eq. (13), and multiplying
both ends of the equation by I”ZQn (l”) (n=0, 1, ..., M),

integration from a to b, there is

A, 0 0 0 0 0 0 B, B, B, D, D, 0 0 D,
0 A4, 0 0 0 0 0 B, B, 0 D, D, 0 0 D,
K0 0 A, A, O |p+k|B, B, 0 0 B lpt|0 0 D, D, 0 |p=0 or KAp+kBp+Dp=0(19)
0 0 A, A, 0 B, B, 0 0 0 0 0 D, D, D,
0 0 0 o0 4 0 0 B, B, 0 D, D, 0 0 D,
The dimension the all the submatrices (Aj, Bj, Dj) is Coupling Egs. (19) and (20), the complex dispersion (k-®)
(M+1)x(M+1). The specific expressions can be found in the can be obtained easily.
Appendix A. . . . . .
Furthermore, Eq. (19) is transformed into a linear  2-2- Electrical Closed-Circuit Condition
eigenvalue problem by using Considering the electrical closed-circuit condition, the Eq.
(13d) would be modified to the following form
q=hp (20)
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., 0 : ou : U L1 14 1
lka(e15 [U]nl ) +ike;, [EL +ike,, [7:"11 +ike,; ;[U]nl —kNe,, [71] —kNe,, ;[V]nl
0 ow 1| ow 1N/ OP, oz zZ
Fey (W] +—|es|—| |[+es—|—| —Ney—|— —Z+h—+P— 21
sl7ly ar( ‘S[ar U ”r[ar } ”rLL o e o
+k e, [X]nl—2 €, ox —enl ox +N? 622l X =0
or or |, rior |, rir 4,

The other equations remain unchanged. The expanded form
of the electrical potential is

-5)3.0,(r) P

m=0

X=(r- (22)

Input data: material

parameters of the FGPM

Solving equation, obtaining
dispersion and attenuation

Figure 2. Schematic diagram of the solution

3. Integration Method

As Ref. [4, 32] shows, the integration by the command “int”
in Matlab is much time-consuming. Thus, an iterative

Assembly characteristic
equation

Recombination equation, the complex dispersion (k-®) can
be obtained. The detailed process is shown in the Fig. 2.

Series expression for
material properties

=) [ntegration computation

!

C— Set frequency

process for the developed MNIE-LPSA

integration method is developed here to improve the
computational efficiency. In Fig. 2, the integration
computation will be implemented by the presented method in
this section. Through analysis, all the integrals in this paper
can be summarized in the following forms:

1 d?
G\(nm, j.p)=[ £'R¢)- % P,(£)dé, p=012;/=0l..
, .y d’ oH (&) o
Gy(n.m, j,p)=| & Pn(g)dép P.(¢) r dé, p=0,];j=0,1,... .
. p & d’ 0H (&) ot i
G3(n7m>.]7p’kl7k2)_‘|:l klé:‘i‘kz Pn(é.':)dé:p Pm(g) ag dg’ p—O,l,] _0715---
fj d’ ]
G k., k P P (&M =0,; ¢g=1,2; j=0,1,...
(nmjpa% 1° ) J‘ (k§ k) n(g)dgp m(é:) SE’ P .15 q v sds
H,(m,p.a.c.t.d)=]e §dijm(§)d.§,
U of gd -1 d[J
H,(m,p,a,c,t,d k. k)= [ e“&! (k& +k,) e P, (£)d¢,
Hy(n,m, j,p.q,a,c,t,d) _f t'P,(t aq J e gl o P,(&)dédt
aﬂ oLr "
H, (n,m, j, p.qrasc,d k. k) jﬂP aa: j’e< e (kE+k,) " — o P, (&)dédt

p=0, 1; 1=0, 1; g=0,
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. 1 . 6H(t) 6q t 0{(§7t)
Hs(namajapaQ>aacad):j_lt1Pn(t)7a7jce § @ m(f)dé:dt
_ 1. OH (t) o7 albt o
H(nm, j,p.q.a.c.d.k k)= t'P,(t) a( ) [ (ke k) P, () dédr
t Ot o0&
p=0, 1; 1=0, 1; ¢=0, 1; d=0, 1, 2. (26)

For the integrals G; (j=1, 2), according to the analytical expressions by Yu et. al. [24], one has

H 1y (2m—2s)

G )=2 (-1 L(j+m—2s- (27)
(n,m, p, j) ; 2 Sl —s)(m~25— p) (j+m—2s—p,n)
(;2 (n,m,O,j) — (_1)_/+n+m -1
G,(n,m.1, j)=(=1)"""" P, (- 1)r(’" +2) _p)L (m+2) (28)

Here the series of Legendre polynomial P, (t) are used [39,

401, P () 3] 1y (2m —2s) 2 (29)

" pury 2" sl (m—s)!(m—2s)!

For the integral G, it is

: C(m+2) 1 C(m+2) 1
G.(n,m, j, p,k,,k,)=(=1)"""P (-1 —-P(1 30
3( J> P>k 2) (-1 n( )ZF(m) "k +k, ()2r(m) K+, (30)
The G4 will be evaluated based on the following results. integrals should be given first,
Then for the integrals H; (=1, 2, 3, 4, 5, 6), the following
I
= [ &'R(8)e,
d ,
Lj,a,c.d)= [ e“&ds,
d ‘
13(j,a,c,d,kl,k2)=.[ eaggj(klg"'kz)ildga
I, (n, m, o, c) = flt"r e“(‘f”)é‘mdé‘dt
I _
Is(j,p,kl,kl)zj EkéE+k,)"dE, p=12 (3la-b)
1,(n,m,a,c,k, k) j j k& +k, ) EmdEdt
For I, it is easy to get the following expression based on the orthogonality of Legendre polynomials [40, p160],
0, j<n
1 0, j>n, mod(j—n2)=1
1,(jin)= [ t'P,(e)de = (J+n (32)
! J! !
2" 2 , j>n, mod(j—n2)=0
(];nj!(j+n+l)!

For I, and I, one has
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(e”’d—e”‘) and
. (33)

(dje“" —cje"")—ilz(j—l,a,c,d)
a

Iz(O,a,c,d)z

RI— |~

Iz(j,a,c,d)z

ks
L(0.c.d k. k)= | Yokt +k,) dt = kie g {Ei(%(kld +k, )j— E{% (ke +k, )H

1 1 1

(34)
13(j,a,c,d,kl,k2)=kiIz(j—1,a,c,d)—%13(j—1,1,a,c,d,kl,k2)
1 1
Ei is the exponential integral function given as [39, 40] For 14, it is easy to have
t
Ei(x)= jﬁ ert (35)
1
L(0,m,a,c)= —ﬂem j e“fgma@]l +$ j_]lemd[ j e“‘fﬁ’”dé}
(36)
1 —u 1 1 m+
:_;[e tlz(m’a’c’t)]—l+a(m+1)(l_(_1) 1)
1,(n,m, a,c) = Ijlt"e_“tjt e Erd Edt
_ln—ataém : ll—a ntafm
__;|:t e tLe & d§:|_1+gj1e fdl:t Le 4 déf} (37)
1 n —at 1 1 n+m+1 n
:—;I:t e ]2 (m,a,c,t)]_l+m(l—(—l) )+;I4(”l—1,m,a30)
For Is, one has 1(02k k)_ 1[ 1 1 J
1 5\Usss Vs b J— 777 __
15(0,1,k1,k2)=;[1n(k1+k2)—1n(—k1+k2)] kl kl+k2 kkl+k2 (39)
1 1
| (38) 17,2,k k)= — 1, =1 =2 1(j -1,2)
Is(j’l,klakz):ij[1_(_1)1]_%15(]._151ak13k2) 5( 1 2) kl : kl i
1 1 For I, the integral expression can be obtained as
1,(0.m.ac.k k)= [ e [ e (k& +k,) " £ déds
1 —al (o4 — m 1 1 —at o — m
e[ ek k) s | v [ e [l (g k) e | 0)
= Lear (macth k)], + 1 (mL k)
(04 o
I(nma.c.hb)=[ e[ e (k& + k)" &dédr
1 —at (o4 — m ! 1 —ot n a — m
=—;[t"e [e(kg+k)'e dgL+;j_'le d[z [ tkg+k)'e dé} 1

= —l[t"e’m@(m,a,c,t,)L +lls(n+m,l,k1,k2)+£IG(n—l,m,a,c,kl,kz)
a a a

Then in view of the above integrals, one has
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(2m—21)!
2"NN(m—-1)(m—-2[- p)! (42)
I(]+n+m 2s—21— p,)

_ s (2n 2s)! { c J _1)1

H,(m, p,a,c,t,d)= j e“E! S p (£)dé

dgp m

(2m—2s)
-1
gy 2" sl (m—s)(m—2s—p)!

JLecgmirag @3)

(2m—2s)!
- Iz(m_l—d_zs_paa:c:t)
= 2" s/ (m—s)}(m—2s—p)!

1 d?
Rz

N “

2m—2s)!
( e S) 13(m+d—2s—p,a,c,t,k1,k2)
s 2" sl (m—s)/(m—2s— p)!

H,(m,p,a,c,t,d k. k) =re“5§d (k&+k,)

For H;(j=3, 4, 5, 6), the expressions will be given by When q=0, they are
considering different q.

H p0acrd)=[ VP (0)[ e L p (&)aca
3(nam,,]5p9 9aaca b )_J:l n( )_Le g aép m

|2=2] (45)

s (2n—2s)! ; (2m—21)! )
=3 (=1 -1 I —2s,m+d-21-p,a,
2 Tz & )2’"1!(m—l)!(m—2Z—P)! A en=2s,md =2l p.ac)

T

nom. j.p.0.c.c.d kb)) =[ 0P (1)[ e (kg vk, ) <P, (£)dédr

{m—p J (46)

o (an-2s) L2A L (2m-20)! .
=) (-1 - I -2s,m+d-2l-p,a,ck k
s:O( ) 2"S'(I1 S)'(l’l 25)| IZO: ( ) 2ml'(?ﬂ—l)'(m—2l—p)! 6(]+7’l s, m+ p,a,ck 2)

. {%J , (2m—2s)!
H i, p,0,a,c,d)=(-1)" 3 (-1) '
s(mm. j. p.0.ac.d) =(-1) s:O( ) 2"sl(m—s)/(m—2s—p)!

e”’m

e“l, (m+d—2s—p,a,c,—1)

t=—1

(47)
L?J Iy (2m—-2s)! I .
_ 1Y —ay P
SZ:;‘ 2ms!(m—s)!(m—2s—p)!e 2(m+ * p,a,c,)
t=1
H 0.c,¢,d ko, ) = (~1)" Gl (2m-25) “I,(m+d -2 Lk, k
(l’l m J p,v,a,c, 1° XZ(; 2ms!(m—s)!(m—25—p)!e 3(Wl+ —z5—p,a,c,—l, 19 2)
(48)
2] (2m—2s)!
_ -1y e"’l3(m+d—25—p,a,c,1,k1,k2)
- 2" sl (m—s)(m—2s—p)!

When g=1, one has
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H, (n,m,j,p,l,a,c,t,d) =—-aH, (n,m,j,p,O, Ot,c,t,d)+G1 (n,m,j +d,p) (49)
H,(n,m,j,p,la,cdk,k)=-aH,(n,m,j,p,0,a,cdk,k)+G,(nm,j+d,p,1) (50)
H5 (namajapalsaacad) =
jn [%J P (2m—2s)!
( 1) z (— ) ealz(m+d—2s—p,a,c,—l)
pr: 2" sl (m—s)/(m—2s— p)!
_ (51
-a { J = +G2(n,m,j+d,1)
m-p
2 s 2m—2s)!
— Z (—1) — ( ) e‘“]z(m+d—28—p,a,c,l)
= 2" s (m—s)(m—2s— p)!
t=1
H, (n,m,j,p,l,a,c,d,kl,kz) =—aH, (n,m,j,p,O,oz,c,d,kl,kz)+G3 (n,m,j+d,1,k],k2) (52)
When q=2, H; and H,4 also have
H, (n,m,j,p,Z,a,c,t,d) =a’H, (n,m,j,p,O,oz,c,t,a’)—ozGl (n,m,j+d,p)
(53)
+G, (n,m,j+d,p+1)+dG1(n,m,j+d—1,p)
H, (n,m,j,p,2,a,c,d,kl,k2) =a’H, (n,m,j,p,O,a,c,d,kl,kz)—aG4 (n,m,j+d,p,1)
(54)
+G, (n,m,j+a’,p+1,1)—le4 (n,m,j+af,p,2)+aVG4 (n,m,j+d—1,p,1)
The derivation of all integral solving formulas has been 30,
completed. Based on the above integration formula, efficient
analysis of guided wave characteristics in nano hollow —Our results
cylinders can be achieved. * Reference solutions
4. Algorithm Analysis 20
In this section, numerical results are presented and
discussed for thermoelastic waves in FGPM nano hollow 3
cylinders. The k=Re(k)+Im(k)*i is the nondimensional wave
number. Re(k) and Im(k) denote propagation and attenuation, 10
respectively.
2.5
2 -0 I 0 ‘ ‘ ‘
ur resuts P 0 2 4 k 6 8 10
—Lattice Dynamics
Figure 4. Comparing our results with the exact solutions [42],
A=1E-3

2

w 3

Figure 3. Comparing our results with those from Lattice Dynamics
[41], 2=0.28

4.1. Numerical Verification

The conventional LPSA for FGM structures has been
proved in many references [31, 32], and the existing works
lack wave solutions from the nonlocal integral elasticity. Thus,
the verification will be implemented in two aspects: (1)
comparison with the results from Lattice Dynamics for carbon
nanotubes; (2) comparison with the results from electric-
elastic coupling waves for classical hollow cylinder.

The comparison for the wave in a carbon nanotube [41] is
shown in Fig. 3. The elastic modulus E=1.1TPa. The poisson's
ratio v=0.2. The density p=2236Kg/m®. The nonlocal
parameter A=0.28. Obviously, the two results from the LPSA
and the Lattice Dynamics are closed, which demonstrates the
effectiveness of the presented MNIE-LPSA for the
nanostructures. Another comparison for the coupled electric-
elastic waves is depicted in Fig. 4. The material properties can
be seen in Table 1. The nonlocal parameter A=0.001. The first
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three modes in Fig. 2(b) in Ref. [42] are selected for

comparison. Clearly, the two results are consistent, which Property =~ Cii Ci Ci Cs3 Cua p
demonstrates that the presented MNIE-LPSA is valid for the PZT-5H 126 79.5 84.1 117 | 256 7600
coupled wave. These examples indicate the correctness of the . e . en ers
proposed method. PZTSH 15 13 -65 233 17
Units:  C;j(10°N'm?), ei(C'm?), g;(10°C2N"1-m?),
p(10°%kg-m™)
Table 2. Material properties [43]
Property Ci Ci2 Cis Cs3 Css €3l €33 els p
CdSe 74.1 45.2 39.3 83.6 13.2 -0.16 0.347 -0.138 5.504
PZT-5A 139 77.8 75.4 113 25.6 -6.98 13.8 13.4 7.75
€11 €33 K K3 B1 B3 Py Ps3 Ce
CdSe 8.26 9.03 9 9 0.621 0.551 -2.94 -2.94 260
PZT-5A 600 547 1.5 1.5 1.52 1.53 -452 -452 420

Table 1. Material properties in Ref. [42]

Units: C;i(10°N-m?), e;(C'm?), g(10""C>N"'-m?), K(W-m'-K"), B(10°N-K'-m?), Pi(10°C-K"'m?), C(J-kg! KM,

p(10°kg-m™)
4.2. Computational Efficiency

Computational efficiency is an important indicator of
numerical algorithm performance. With the help of the
material parameters in Table 2, this section evaluates the
computational efficiency of the proposed integration method
and the “int” command in Matlab. The total CPU time for the
wave analysis mainly contains the integral calculation time
and eigenvalue calculation time. For expanded order M<5, the

eigenvalue calculation time for one frequency is less than 0.1s.

Therefore, only the integral calculation time is considered in

Table 3. Due to excessive time consumption by using the “int”
command in Matlab, no information was provided for M=4
and 5. Besides, the integration by using the “int” command
consumes very much CPU time, and the CPU time increases
rapidly as the gradient index or the expanded order increases.
However, the presented method only consumes several
seconds for the integrals with M from 1 to 5. The
computational efficiency can be improved by 99%. This
example demonstrates the significant advantage of the
proposed method in CPU time.

Table 3. CPU time for FGM hollow cylinders using MNIE-LPSA (s)

M 1 2 3 4 5
L=1 Presented 0.20 0.38 0.67 1.17 2.08
“int” command 1548.1 2791.9 4034.7 - -
» Presented 0.28 0.52 0.89 1.53 2.66
1= “int” command 7512.7 11737.0 16527.0 - -
_ Presented 0.38 0.67 1.16 1.91 3.31
L= “int” command 23335.0 35747.0 48725.0 -

5. Numerical Analysis

In this section, the nonlocal effect, piezoelectric effect,
gradient index (L), radius to thickness ratio (p), and
circumferential order (N) on the thermoelastic wave
characteristics are investigated. The material parameters are
shown in Table 2. The thermoelastic coupling coefficient
n=1.5E-3. Without explanation, the inner radius a=4, and the
outer radius b=5. The gradient index L=1.

5.1. Nonlocal Effect

The nonlocal effect on wave behaviors of axisymmetric

modes (N=0) is analyzed in Figs. 5-7. There are significant
differences in the results of the phase velocity and attenuation
with the different nonlocal parameters (A). This indicates the
necessity of considering the nonlocal effect on the wave
propagation in nanostructures. Fig. 5 depicts the phase
velocity and attenuation curves of the first thermal wave.
Clearly, with the nonlocal parameter enlarging, the phase
velocity decreases, and the attenuation increases. Meanwhile,
the ratios of the attenuation coefficient Im(k) are larger than
those of the phase velocity C,. This indicates that the nonlocal
effect on attenuation is more significant than that on phase
velocity. The ratios are defined as

Rvl= C;:O 02 C;“ZO 06 Tm(k*0%) — Im (k")
vi= 7=0.02 Rk1= 7=0.02
» Im(k") 55
2_ C;:O 02 C;,:O 1 _ Im(kl:().l ) _ Im(kl:().(ﬁ)
Rv2= ;1:0‘02 Im(k*)
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Figure 5. Phase velocity and attenuation curves of the first thermal wave

Figs. 6 and 7 give the phase velocity and attenuation curves
of the first four longitudinal waves and the first two torsional
waves, respectively. For N=0, no attenuation appears in the
torsional waves. With the nonlocal parameter enlarging, it is
evident that all the phase velocities decrease in Fig. 7.
Actually, the decrease of phase velocity is due to the softening
effect of nonlocal parameters on nanostructures. The cut-off
frequencies of the 3™ and 4" modes of the longitudinal waves,
and the 2" mode of the torsional wave decreases clearly as

1.6

—\=0.02
= )\=0.06
== )=0.1

(a) Phase velocity

the nonlocal parameter increases. This implies that the cut-off
frequencies are sensitive to the nonlocal parameter.
Simultaneously, the decrease of the cut-off frequency means
an increase in the wave propagation frequency domain. In Fig.
6(b), the attenuation of the higher-order modes is larger than
that of the lower-order modes. From the perspective of energy
dissipation, wave-based devices should prioritize the
selection of lower-order modes.

10

—A=0.02
- A=0.06
== )=0.1

“ e = ————

v

(b) Attenuation

Figure 6. Nonlocal effect on the first four longitudinal waves

Figure 7. Nonlocal effect on the phase velocity of first two
torsional waves
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For the 3™ and 4" modes, Fig. 6(b) declares that the
attenuation almost decreases as the nonlocal parameter
increases. As shown in Fig.8, the nonlocal effect on
attenuation is more significant than that on phase velocity,
which is similar to the thermal wave. Fig.8(a) also indicates
that the nonlocal effect is enhanced with increasing modal
order. The nonlocal effect on the attenuation of the higher
modes is more obvious, which is the same as that on phase
velocity. This example states that the design of the wave-
based nanodevices must consider the nonlocal effect,
especially for its attenuation.



0.4

Ratio=0 i

w 2 3 4

(a) Phase velocity (b) Attenuation
Figure 8. Ratios of the phase velocity and attenuation of the first four longitudinal waves

5.2. Circumferential Order

1.6

w 2 4
(a) Phase velocity (b) Attenuation
Figure 9. Phase velocity and attenuation of the first five flexural waves

Fig. 9 shows the variation of the phase velocity and The reason is that: for the 3™ and 4" flexural waves, the modal
attenuation along with circumferential order N. A=0.06. Only exchange appears near ®=1.44. Thus, the modal exchange
the phase velocities and attenuation at low frequencies change causes the attenuation of the 3 mode decrease drastically,
clearly, which is consistent with the published results [44]. and that of the 4" mode increase drastically, as shown in Fig.
The attenuation has a sharp change in the red box in Fig. 9(b). 10.
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Figure 10. Attenuation of the 3™ and 4" flexural waves
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(d) 1 2
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Figure 11. Rvl1 of the first five modes with different N, (a)-(e) are the 1* to 5™ modes

Fig. 11 shows the intensity of nonlocal effects with
different circumferential orders. The phase velocity with
A=0.02 is compared. Obviously, the nonlocal effect on phase
velocity with different circumferential orders is more
pronounced at low frequencies. The larger the circumferential
order or the mode order, the more pronounced the nonlocal
effect. Meanwhile, the first three modes (without cut-off
frequency) all exhibit strengthening effects at low frequencies,
while high-order modes (4-5th order modes) with cut-off
frequencies do not exhibit strengthening effects. This
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phenomenon has never been seen before from the nonlocal
differential elasticity. This indicates that for wave propagation,
the nonlocal effect may not necessarily be entirely softening
effect, especially at low frequency and lower-mode.
Simultaneously, for a fixed mode, the nonlocal effect will
increase first and then decrease with the increase of frequency.
Research can provide a theoretical basis for the selection of
the circumferential order and frequency in wave-based
nanodevices.



5.3. Radius to Thickness Ratio
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(a) Phase velocity

(b) Attenuation

Figure 12. Phase velocity and attenuation of the first five flexural waves with different p

The effect of the radius to thickness ratio p on the phase
velocity and attenuation of the first five flexural waves is
considered in Fig. 12. Evidently, the phase velocity is mainly
affected at low frequencies and near cut-off frequencies. The
phase velocity and attenuation decrease as p increases. This
is consistent with existing research findings. Besides, the
effects of radius to thickness ratio p and the nonlocal

parameter A on cut-off frequencies are displayed in Table 4.
Table 4 shows that the cut-off frequency decreases with
increasing A or p. This implies that the effect of p and A on the
cut-off frequency is mutually reinforcing. The results of the
Rvl and Rv2 indicate that the nonlocal effects on cut-off
frequencies with different p are closed.

Table 4. Cut-off frequencies of the 4™ and 5" modes

n=2 =3 n=4 u=5
4% one 5% one 4% one 5™ one 4% one 5™ one 4% one 5% one
2=0.02 1.423 1.634 1.319 1.584 1.298 1.575 1.29 1.573
2=0.06 1.399 1.619 1.300 1.573 1.279 1.563 1.271 1.561
2=0.1 1.357 1.580 1.263 1.535 1.243 1.527 1.235 1.525
Rvl 0.017 0.0092 0.014 0.0069 0.015 0.0076 0.015 0.0076
Rv2 0.046 0.033 0.042 0.031 0.042 0.030 0.043 0.031
5.4. Gradient Index
1.6 6. 107
1
2
3
4

(a) Phase velocity
Figure 13. Phase velocity and attenuation of the first five flexural waves with different L
for the 1* and 3™ modes at low frequencies. However, the
influence of gradient index on attenuation is complex.
Meanwhile, the reinforcement effect of the nonlocal elasticity
also appears in the 1% to 3" modes at low frequencies. Fig.14

Fig. 13 shows the effect of the gradient index L on the phase
velocity and attenuation of the first five flexural waves. The
phase velocity and attenuation both are affected evidently by
L. The phase velocity increases with the increasing L, except

(b) Attenuation
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displays the intensity of nonlocal effects with different L. The
Rvl of the 1% and 2™ modes only are distinctive at low
frequencies. For the lower-order modes, the intensities of
nonlocal effects with different L only are different at low
frequencies, but are closed at high frequencies. For the 3rd to

0.4r 0.1+

0.3

z
=02
0
0.1
0°2oPT oD ronon soeoTE
’
oL |
0 1 2 3 4 -0.16 .
(a) ¢ (b)
02r
0.1
>
a4
0
-0.1
1 2 w 3
(d)

5th modes, the intensities of nonlocal effects with different L
are different for all frequencies. Thus, by simultaneously
adjusting the gradient index and nonlocal parameters,
different phase velocities and attenuation can be designed to
meet the specific requirements of wave-based devices.

0.1r

037

e
o —

Figure 14. Rvl of the first five modes with different L, (a)-(e) are the 1 to 5" modes

5.5. Piezoelectric Effect

Fig. 15 shows the piezoelectric effect on the phase velocity
and attenuation of the first five flexural waves. The
piezoelectric effect increases the phase velocity and
attenuation. As mentioned earlier, the nonlocal effect
decreases the phase velocity and attenuation. Thus, the
nonlocal effect and piezoelectric effect are mutually
inhibiting at most frequencies. Meanwhile, the distinguish of
the phase velocity and attenuation between the closed and

1.6
\
‘.\ —Closed
\ \ —---Open
1.2 - -Without
Dm
0.8 Tssemslgrereeel
/
LW
1 y'
04 N
;
7’
0 L L
0 1 2 3

(a) Phase velocity

open-circuit conditions mainly occurs at low frequency. For
the 4™ and 5" modes, the phase velocity and attenuation with
open-circuit condition is more significant. Fig.16 displays the
intensity of nonlocal effects with different conditions. The
intensities of nonlocal effects are influenced by boundary
conditions clearly. Without electricity conditions, only a few
Rvl of the 2™ mode are negative. But with electricity
conditions, much more Rv1l of the 2™ and 3" modes are
negative. This indicates that the piezoelectric effect
exacerbates the strengthening effect at low frequency.

x107
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(b) Attenuation

Figure 15. Phase velocity and attenuation of the first five flexural waves with different conditions
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Figure 16. Rv1 of the first five modes with different conditions, (a)-(e) are the 1% to 5% modes

6. Conclusions

In this paper, the thermoelastic wave in FGPM nano hollow
cylinders is investigated by using the MNIE. The time-
consuming solving process in the integral formulation of
MNIE is overcome by the proposed MNIE-LPSA. Reviewing
the entire paper, there are the following innovations and
findings:

A mathematical model is established for solving the axial
thermoelastic wave propagation and attenuation in FGPM
nano hollow cylinders by using the MNIE and LPSA.

An efficiently iterative solution method by using the
exponential integral function is proposed to solve the difficult
to calculate analytically and time-consuming integrals. The
computational efficiency can be improved by 99%.

The nonlocal effect increases the attenuation of thermal
waves, but decreases the attenuation of the elastic waves.
Meanwhile, the nonlocal effect on attenuation is more
significant than that on phase velocity.

At low frequencies of the lower-order modes, the nonlocal
elasticity displays the strengthening effect. The published
results with nonlocal differential elasticity on wave
propagation only reflect the softening effect.

For the phase wvelocity, the nonlocal effect and
circumferential order are mutually reinforcing, although the
nonlocal effect and piezoelectric effect are mutually
inhibiting.
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All the integrals in the MLPSA are summarized as follows,
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= J rLQn(r);;—i[(r—a)(r—b)Qm(r)]dr, p=0, 1, 2; L=0, 1, 2; (Al a~g)
The detailed expressions of eq.(18a) for coupled waves  with electrical open-circuit are given here.
Al =~CQu, [n,m, j,0,0,0,2]
By =iC{u, [n,m, /,0,1,0,2]+5CYu, [n,m, j ~1,0,0,0,2]+iCv, [n,m, j,0,0,0,2]
+iCu [n,m, ,1,0,0,2]+i(CY = C Yu, [n,m, /,0,0,0,1]
By =ielu, [n,m, ,0,1,0,2]+ije)u, [n,m, j~1,0,0,0,2]+iel!'v, [n,m, j,0,0,0,2]
vielu [n,m, ,1,0,0,2]+i (e} =€l )[n,m, 1,0,0,0,1]
cp = COuy [n,m, j,1,1,0,2]+ iCYuy [n,m, j—1,1,0,0,2]+ CYu, [n,m, ,0,1,1,2]
+jCu, [n,m, j=1,0,0,1,2]+(CY ~ Y = N*CQYu, [n,m, ,0,0,1,1]
() =)y [nm, j,1,0,0,1]+ Cv, [m,m, ,1,0,0,2]
+CYv, [n,m, j,0,0,1,2]+ @ p"u, [n,m, ,0,2]
cr = iN(ng)u2 [n,m, j,1,0,0,1]+ CYu, [n,m, j,0,1,1,2]+ jCLu, [,m, j ~1,0, 0,1,2])
HNCv, [n,m, /,0,0,1,2]+iN (C) = CY = C{) Yu, [n,m, 1,0,0,1,1]
Cr" =~y [n,m, j,0,1,0,2]~ jfu, [n,m, j—1,0,0,0,2] - B, [n,m, j,0,0,0,2]
(B - B )u,[1,m, ,0,0,0,1]

123



A" =~k CYu, (n,m, /,0,0,0,2)
By ==NC{u, (n,m, j,0,0,0,1)= NC{Ju, (n,m, ,0,0,1,2)
B =—Neéu, (n,m, j,0,0,0,1)~ Ne{Ju, (n,m, j,0,0,1,2)

Cu =iNCQu, (n,m, j,0,1,1,2)+ GNCDu, (n,m, j ~1,0,0,1,2) +iNCLv, (n,m, j,0,0,1,2)
+HNCYu, (n,m, j,1,0,0,1)+iNCYu, (n,m, j,0,0,1,1)+ 2iNCu, (n,m, j,0,0,1,1)
Cy" = Cu, (n,m, j,1,1,0,2)~ Cu, (n,m, j,0,1,1,2)+ Cv, (n,m, j,1,0,0,2)
+jCu, (n,m, j=1,1,0,0,2) = jCPLu, (n,m, j1,0,0,1,2)~ C¥v, (n,m, j,0,0,1,2)
~N? CYu, (n,m, j,0,0,1,1)+2Cu, (n,m, ;,1,0,0,1)
—2Céé)u2 (n,m,j,O, 0, 1,1)+a)2p(j)u1 (n,m,j, 0,2)
Ci" = ~iN B u, (n,m, j,0,0,0,1)

A" =~Cu, (n,m, 1,0,0,0,2)

A" =—eu, (n,m, j,0,0,0,2)

By =iCu, (n,m, j,0,1,0,2)+ijCu, (n,m, j —1,0,0,0,2) +iCv, (n,m, j,0,0,0,2)
+iCu, (n,m, j,1,0,0,2)+iCPu, (n,m, j,0,0,1,2) +iCu, (n,m, ,0,0,0,1)

BY" =—NCu, (n,m, ,0,0,0,1)— NC\u, (n,m, j,0,0,1,2)

BY" =~ifu, (n,m, /,0,0,0,2)

Cim = Cu, (n,m, j,1,1,0,2) + iCu, (n,m, j~1,0,1,0,2) + CPv, (n,m, j,1,0,0,2)
~N2CQu, (n,m, j,0,0,1,1)+ Cu, (n,m, j,1,0,0,1) + @ pu, (n,m, j,0,2)

G = eg)u2 (n,m,j,1,1,0,2)+ jel(‘s")u2 (n,m,j -1, 0,1,0,2) + el(‘s")v2 (n, m, j,1,0, 0,2)
~N2&u, (n,m, j,0,0,1,1)+elu, (n,m, /,1,0,0,1)

A" =—eu, (n,m, ,0,0,0,2)
A" =€) u, (n,m, j,0,0,0,2)
By =ielu, (n,m, j,0,1,0,2) +ijeDu, (n,m, j ~1,0,0,0,2) +ie{'v, (n,m, ,0,0,0,2)
+ielu, (n,m, j,1,0,0,2) +ielu, (n,m, j,0,0,1,2)+ieu, (n,m, j,0,0,0,1)
By" =—Neu, (n,m, j,0,0,1,2) — Nelu, (n,m, j,0,0,0,1)
cu = elu, (n,m, j,1,1,0,2)+ jelu, (n,m, j~1,1,0,0,2) +ellv, (n,m, /,1,0,0,2)
+elllu, (n,m, j,1,0,0,1)~ N2e}u, (n,m, j,0,0,1,1)
cut =l u, (nym, j,1,1,0,2) = j €7 u, (n,m, j~1,1,0,0,2) = €% v, (n,m, /,1,0,0,2)
— e u, (n,m, j,1,0,0,1)+ N* €5 u, (n,m, j,0,0,1,1)
Ci" = P, (n,m, j,0,1,0,2)+ jPVu, (n,m, j—1,0,0,0,2)
+2, (n,m, j,0,0,0,2)+ P u, (n,m, j,0,0,0,1)
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A" =—KYu, (n,m, /,0,0,0,2)

BY" =—anpY (1-i)u, (n,m, j,0,0,0,2)

BY" = onPY (1-iw)u, (n,m, j,0,0,0,2)

cr =ionp (1-iw)u, (n,m, ,1,0,0,2) +ionp! (1-iw)u, (n,m, ;,0,0,1,2)

Cy" =—Nonp! (1-io)u, (n,m, j,0,0,1,2)

c" = Ku, (n,m, ,0,2,0,2)~ N*Ku, (n,m, j,0,0,0,0)+ K u, (n,m, j,0,1,0,1)
+ia)p(j)C£S) (1-iw)u,(n,m, j+s,0,2)

The addition operation is performed when j or s appears The distinctive expressions of coupled waves with
more than once. electrical closed-circuit are shown as follows.

By =ielu,[n,m, j,0,1,0,2] +ijelu; [n,m, j ~1,0,0,0,2] +iel] v, [n,m, /,0,0,0,2]
+ief£)u3 [n,m,j,l, 0, 0,2]+i(e§{) — g))% [n,m,j,0,0,(),l]

B = _Neg)u3 (n,m,j,O, 0, 0,1)_]\/egj)u3 (n, m, 1,0, 0,1’2)
A" =—euy (n,m, ,0,0,0,2)

A:im :egf) u, (n,m,j,0,0,0,Z)
B:]m = lel(Sl)u2 (n,m, j, O, 1, 0,2)+ l]el(sl)uz (n,m,j _1, O, 0’ 0’2)
+ie§{)u2 (n,m,j, 1,0, 0,2)+ie§£)u2 (n,m,j,O, 0, 1,2)+iel(_{)u2 (n, m, j,0, 0,0,1)
Cr = e, (n,m, j,1,1,0,2) + jelDu, (n,m, j—1,1,0,0,2)
+€1(£)M2 (n,m,j,l, O’ 0’1) _Nzegi)MZ (n’ma j9 Oa Oa 191)
Crr =— e uy (nym, j,1,1,0,2)— j €7 w, (n,m, j~1,1,0,0,2)
B Eg) U (n,m,j,l, 0’ 0’1)+N2 E(Zj) Uy (7’1, m, ja Oa 091’1)
C:S’m = f;(j)uz (nam’ ja 09 1: 092) + JBS(/)uz (l’l, m,j —1,0, 0, 0,2) + a(j)uz (l’l,m, ja Oa O’ 0,1)

BSn‘;m — wnf;(J) (l_la))u3 (n’ m,j,(),(), 0, 2)
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